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This paper presents a global analysis approach to the calculation of the natural frequencies of asymmetric, three-dimen-
sional frame structures in which the primary frames run in two orthogonal directions and whose properties may vary
through the height of the structure in a step-wise fashion at one or more storey levels. The governing diﬀerential equations
of a substitute system are formulated using a continuum approach and posed in the form of a simple dynamic member
stiﬀness matrix. Such a formulation allows for the distributed mass and coupled shear–torsion stiﬀness of the member
and thus necessitates the solution of a transcendental eigenvalue problem. The required natural frequencies are ﬁnally
determined using a stepped cantilever model in conjunction with the Wittrick–Williams algorithm, which ensures that
no natural frequencies are missed. When the structure can be represented realistically by a uniform cantilever, solutions
can be found easily by hand. A parametric study comprising four, three-dimensional, asymmetric frame structures is given
to compare the accuracy of the current approach with that of a full ﬁnite element analysis.
 2006 Elsevier Inc. All rights reserved.
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The ability to model complex, three-dimensional, multi-bay, multi-storey structures to a high degree of
accuracy has become commonplace over the last 20 years due to the widespread availability of powerful desk-
top computers and a variety of inexpensive ﬁnite element software. The resulting models are often referred to
as ‘global’ or ‘holistic’ since they model the whole structure in its entirety. Thus any interaction between struc-
tural components such as frames, shear walls, cores, etc. or coupling due to asymmetry of the plan form are
automatically accounted for.
Such complex models oﬀer considerable insight into the behaviour of the physical structure and their use
for detailed design and analysis is not in question. However, the development of such a model at an early stage0020-7683/$ - see front matter  2006 Elsevier Inc. All rights reserved.
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concept. A compelling alternative is to use a simpler model, developed especially for the type of structure
under consideration, which models only the dominant characteristics of the structure. This simpliﬁed global
model can oﬀer a number of potential beneﬁts. Data preparation and analysis will be quicker; the modelling
procedures are likely to be simpler and more transparent; the accuracy will normally be suﬃcient for prelimin-
ary assessment or checks on solutions obtained elsewhere; it can be used eﬃciently to improve and develop a
feel for structure; it draws directly on the engineer’s experience and judgement and its use is an inclusive pro-
cess, where the engineer is at the heart of the solution procedure in a way that can sometimes appear to be lost
when using fully automated, general software.
A considerable amount of research eﬀort has been expended over the years on developing such approximate
methods for the frequency analysis of frame structures. The most widely used methods have utilised a contin-
uum approach, in which the building structure is replaced by a cantilever beam with uniformly distributed
mass and stiﬀness. Research in this area was initially focused on two-dimensional structures, with many
authors developing a variety of approximate methods for frames (Bolton, 1978; Rafezy and Howson, 2003;
Roberts and Wood, 1981; Williams et al., 1983); shear–walls (Rosman, 1974; Rutenberg, 1975); wall–frames
(Kollar, 1991; MacLeod, 1970) and three-dimensional symmetric structures comprising frames, coupled walls,
wall–frames and braced frames (Delpak et al., 1997; Smith and Crowe, 1986).
More recently approximate methods have been developed that can deal with the vibration of asymmetric
three-dimensional structures, in which the translational and torsional modes of vibration are coupled. Kuang
and Ng (2000, 2001) considered the problem of doubly asymmetric, proportional structures in which the
motion is dominated by shear walls. For the analysis, the structure is replaced by an equivalent uniform can-
tilever whose deformation is coupled in ﬂexure and warping torsion. The same authors extended this concept
to the case of wall–frame structures by allowing for bending and shear. In this case however, the wall and
frame systems are independently proportional, but result in a non-proportional structural form (Ng and
Kuang, 2000). Wall–frame structures have also been addressed by Wang et al. (2000), who used an equivalent
eccentricity technique that is appropriate for non-proportional structures, but the analysis is limited to ﬁnding
the ﬁrst two coupled natural frequencies of uniform structures with singly asymmetric plan form.
Hand methods have also received considerable attention and are particularly suitable for check calcula-
tions. In recent papers by Zalka (2001a,b), such a method is presented which can deal with the three-dimen-
sional frequency analysis of buildings braced by frameworks, coupled shear–walls and cores. The paper also
reviews similar related work.
The most recent contribution has been made by Kollar, who replaces the original structure by an equivalent
sandwich beam that can model both slender and wide structures consisting of frames, trusses and coupled
shear walls (Potzta and Kollar, 2003). In a subsequent paper, an alternative approach is adopted in which
the natural frequencies of the replacement beam are solved approximately. This, together with other simpli-
fying assumptions, leads to simple formulae for determining the required natural frequencies (Tarjan and
Kollar, 2004). A useful tabulated summary of related work by the following authors is also included (Basu,
1983; Kopecsiri and Kollar, 1999a,b; Rosman, 1974; Rutenberg, 1975; Skattum, 1971; Smith and Crowe,
1986; Smith and Yoon, 1991; Zalka, 2001b).
The methods developed in the references above oﬀer solutions of varying accuracy depending on the
assumptions employed. Surprisingly, none of them allows for step changes of properties along the height of
the structure, despite the fact that this is almost inevitably the case in practical building structures of reason-
able height. This study therefore seeks to present the simplest model that retains the essential characteristics
necessary for calculating the natural frequencies of doubly asymmetric, three-dimensional frame structures in
which the members may be uniform throughout the height of the structure, which leads to a particularly sim-
ple hand solution, or may have step changes of properties at one or more storey levels.
2. Problem statement
The class of building structure considered herein comprises two sets of orthogonal frames that are not addi-
tionally stiﬀened by bracing or shear walls. The lateral vibration of such frames is well known to be charac-
terised by three types of structural action; local bending of the individual columns, global bending of the
(a) (b)  (c) 
Fig. 1. Components of frame deformation (Zalka, 2001b). (a) The local bending deformation of the individual columns. (b) The global
bending deformation of the structure as a whole. (c) The inter-storey shear deformation.
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tion of the frame is normally small and can usually be neglected in most practical cases. On the other hand, the
eﬀect of global bending due to ﬁnite axial stiﬀness of the columns becomes progressively more important as the
slenderness of the structure increases.
In the theoretical model proposed, the inter-storey shear is fully accounted for, but the eﬀects of local bend-
ing are deemed to be insigniﬁcant and the columns are assumed to be inextensible and thus do not allow for
the possibility of global bending. The omission of these two latter actions is justiﬁed in Sections 7–9, where
their combined eﬀects have been assessed through a parametric study that indicates likely limits on the appli-
cability of the model.
The underlying approach adopted with the model is to dissect the original building structure into segments,
by cutting through the structure horizontally at those storey levels corresponding to changes in storey proper-
ties. Thus the storeys contained within a segment between any two adjacent cut planes are identical. A typical
segment is then considered in isolation. Initially, a primary frame in one direction is replaced by a substitute
shear beam. This member has uniformly distributed mass and stiﬀness and the unusual property that it allows
for shearing deformation, but not bending deformation. In turn, each frame running in the same direction is
replaced by its own substitute beam and the eﬀect of all these beams is summed to model the eﬀect of the ori-
ginal frames. This leads directly to the diﬀerential equation governing the sway motion of the segment in the
chosen direction. The same procedure is then adopted for those frames running in the orthogonal direction.
Once both equations are available it requires little eﬀort to write down the substitute expressions for the coupled
torsional motion. The three equations thus formed are subsequently solved exactly and posed in dynamic stiﬀ-
ness form. The resulting coupled shear–torsion beam element can then be used to reconstitute the original struc-
ture by assembling the dynamic stiﬀness matrices for the individual segments in the usual manner.
It is clear from the element formulation that the ﬁnal model has a transcendental dependence upon the fre-
quency parameter. The required natural frequencies are therefore determined by solving the model using an
exact technique, based on the Wittrick–Williams algorithm, that can be arrested after achieving any desired
accuracy and which also ensures that no natural frequencies can be missed.
3. Theory
Consider the hypothetical layout of a typical ﬂoor plan of the asymmetric, three-dimensional frame struc-
ture shown in Fig. 2. The plane frames run in two orthogonal directions and it is assumed that the shear cen-
tre, S, at each ﬂoor level lies on a vertical line that runs through the height of the structure. This condition is
automatically satisﬁed when the frames running parallel to the x-axis are all proportional, i.e. their stiﬀness
matrices can be scaled linearly from that of an arbitrary frame, and likewise for frames running parallel to
the y-axis, although the arbitrary frame does not have to be the same in both directions.
The origin of the co-ordinate system is taken to be the shear centre, with the x and y co-ordinates running
parallel to the plane frames. The z-axis then runs vertically from the base of the building and coincides with
the rigidity axis. Point C(xc,yc) denotes the centre of mass at a typical ﬂoor level. It is assumed that the ﬂoor
system is rigid in its plane and that the centre of mass at each level lies on a vertical line, the mass axis, that
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Fig. 2. Typical ﬂoor plan of an asymmetric three-dimensional frame structure. S and C denote the locations of the shear and mass centres,
respectively. The ﬂoor system EFGH is considered to be rigid in its plane.
B. Rafezy et al. / International Journal of Solids and Structures 44 (2007) 128–144 131runs through the height of the structure. When the rigidity and mass axes of a structure do not coincide, the
lateral and torsional motion of the building will always be coupled in one or more planes.
During vibration, the displacement of the mass centre at any time t in the x  y plane can be determined as
the result of a pure translation followed by a pure rotation about the shear centre, see Fig. 3. During the trans-
lation phase the shear centre S moves to S 0 and the mass centre C moves to C 0, displacements in each case of
u(z, t) and v(z, t) in the x and y directions, respectively. During rotation, the mass centre moves additionally
from C 0 to C00, an angular rotation of u(z, t) about S 0. The resulting translations, uc and vc, of the mass centre
in the x and y directions, respectively, areFig. 3.
movesucðz; tÞ ¼ uðz; tÞ  ycuðz; tÞ ð1aÞ
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Coupled translational–torsional vibration of the structure. S and C move to S 0 and C 0, respectively, during translation and C 0
additionally to C00 during rotation about S 0.
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Fig. 4. Typical segment formed by cutting the structure through planes EkFkGkHk and Ek+1Fk+1Gk+1Hk+1 that correspond to the kth and
(k + 1)th changes in storey properties. (Some column and beam members have been omitted for clarity.)
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c = i.
The structure is now divided into segments along the z axis by notionally cutting the structure along hor-
izontal planes at those storey levels corresponding to changes in storey properties. Fig. 4 shows a typical seg-
ment formed by cutting the structure through planes EkFkGkHk and Ek+1Fk+1Gk+1Hk+1 that correspond to the
kth and (k + 1)th changes in storey properties. The number of storeys in any one segment can vary from one,
to the total number of storeys in the structure if it is uniform throughout its height. However, in any one seg-
ment each storey must have the same properties.
We now consider a typical segment in isolation and seek to replace each primary frame by a substitute shear
beam that replicates its in-plane motion. We start by considering a typical frame, frame i, that runs parallel to
the y–z plane, see Fig. 2. This whole frame is replaced by the single substitute beam, beam i, shown in Fig. 5.
This beam is a two-dimensional shear beam of length L and has uniformly distributed mass and shear stiﬀness.
The mass and elastic axes therefore coincide with the local z-axis and the elastic axis is only permitted shear
deformation vi(z, t) in the y direction, where z and t denote distance from the local origin and time,
respectively.L
u
n
de
fle
ct
ed
de
fle
ct
ed
1yiQ
V1i
yiQ
y
zδ
z
Q +
2yiQ2i
V
v δv
yi
z
δzyi∂Q∂ z
i i
z
y
(a) (b)
Fig. 5. Co-ordinate system and positive sign convention for the substitute two-dimensional shear beam in the local y–z plane. (a) Member
convention. (b) Element convention.
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of the beam, dz. Thus equating the resultant shear force to the mass acceleration givesoQyiðz; tÞ
oz
¼ myi o
2viðz; tÞ
ot2
ð2Þwhere Qyi(z, t) is the shear force on the element and myi is the uniformly distributed mass per unit length.
The constitutive relationship for pure shear is given byQyiðz; tÞ
GAyi
¼ oviðz; tÞ
oz
ð3Þin which GAyi is the eﬀective shear rigidity in the y direction (Smith and Coull, 1991).
Substituting the derivative of Eq. (3) into Eq. (2) giveso2viðz; tÞ
oz2
 myi
GAyi
o2viðz; tÞ
ot2
¼ 0 ð4Þwhich is the required diﬀerential equation of motion for the shear beam element in the y–z plane.
If the equivalent procedure is carried out for all of the i frames that run parallel to the y–z plane, the
dynamic equilibrium for motion in the y–z plane may be written aso
oz
Xny
i¼1
GAyi
oviðz; tÞ
oz
¼
Xny
i¼1
myi
o2viðz; tÞ
ot2
ð5Þwhere ny is the number of frames.
Noting that GAyi is constant over the length of the member and substituting for vi(z, t) from Eq. (1b) with c
replaced by i givesXny
i¼1
GAyi
o2vðz; tÞ
oz2
þ
Xny
i¼1
GAyixi
o2uðz; tÞ
oz2

Xny
i¼1
myi
o2vðz; tÞ
ot2

Xny
i¼1
myixi
o2uðz; tÞ
ot2
¼ 0 ð6Þwhere xi is the distance of frame i from the shear centre, S. The second term in Eq. (6) equals zero, since S is
the centre of rigidity of the structure. As C is the centre of mass,
Pny
i¼1myixi can be replaced with myxc, where
my ¼
Pny
i¼1myi, so Eq. (6) can be written as followsGAy
o2vðz; tÞ
oz2
 my o
2vðz; tÞ
ot2
 myxc o
2uðz; tÞ
ot2
¼ 0 ð7Þin whichGAy ¼
Xny
i¼1
GAyi ð8ÞSince the total mass of the segment contributes to its vibration, including the mass of the frames running in
the x direction and the rigid diaphragms, my should be replaced by m, where m is the equivalent distributed
mass over the height of the segment. ThereforeGAy
o2vðz; tÞ
oz2
 m o
2vðz; tÞ
ot2
 mxc o
2uðz; tÞ
ot2
¼ 0 ð9ÞIn an identical fashion, the dynamic equilibrium relationship for motion in the x–z plane yields the second
governing diﬀerential equation asXnx
j¼1
GAxj
o2uðz; tÞ
oz2
þ
Xnx
j¼1
GAxjyj
o2uðz; tÞ
oz2

Xnx
j¼1
mxj
o2uðz; tÞ
ot2

Xnx
j¼1
mxjyj
o2uðz; tÞ
ot2
¼ 0 ð10Þwhere nx is the number of frames running in the x direction and yj is the distance of frame j from the shear
centre, S. GAxj and mxj are the eﬀective shear rigidity in the x direction and uniformly distributed mass per
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zero, since S is the centre of rigidity of the structure. This leads toGAx
o2uðz; tÞ
oz2
 m o
2uðz; tÞ
ot2
þ myc
o2uðz; tÞ
ot2
¼ 0 ð11Þin whichGAx ¼
Xnx
j¼1
GAxj ð12ÞFinally, it should be noted that the plane frames running parallel to the x–z and y–z planes also provide the
torsional stiﬀness of the building. Thus the required equation for torsion can be developed from a consider-
ation of the torsional equilibrium about S, which yieldsXny
i¼1
GAyixi
o2ðvðz; tÞ þ xiuðz; tÞÞ
oz2

Xny
i¼1
myixi
o2ðvðz; tÞ þ xiuðz; tÞÞ
ot2

Xnx
j¼1
GAxjyj
o2ðuðz; tÞ  yjuðz; tÞÞ
oz2

Xnx
j¼1
mxjyj
o2ðuðz; tÞ  yjuðz; tÞÞ
ot2
" #
¼ 0 ð13ÞEq. (13) can be simpliﬁed toXny
i¼1
GAyix2i þ
Xnx
j¼1
GAxjy2j
 !
o2uðz; tÞ
oz2
 myxc o
2vðz; tÞ
ot2
þ mxyc
o2uðz; tÞ
ot2

Xny
i¼1
myix2i þ
Xnx
j¼1
mxjy2j
 !
o2uðz; tÞ
oz2
¼ 0 ð14ÞAs before, the total mass of the frames running in the x and y directions, as well as that of the rigid dia-
phragms, should be taken into account. Thus, Eq. (14) can ﬁnally be written asGJ
o2uðz; tÞ
oz2
 mxc o
2vðz; tÞ
ot2
þ myc
o2uðz; tÞ
ot2
 Ig o
2uðz; tÞ
oz2
¼ 0 ð15Þin which Ig is the polar second moment of mass of the system about the shear centre andGJ ¼
Xny
i¼1
GAyix2i þ
Xnx
j¼1
GAxjy2j
 !
ð16Þwhere GJ is the eﬀective torsional rigidity of the structure about the shear centre S.
Eqs. (9), (11) and (15) are the required diﬀerential equations of motion and can be rearranged in the fol-
lowing formGAx
o2uðz; tÞ
oz2
 m o
2uðz; tÞ
ot2
þ myc
o2uðz; tÞ
ot2
¼ 0 ð17aÞ
GAy
o2vðz; tÞ
oz2
 m o
2vðz; tÞ
ot2
 mxc o
2uðz; tÞ
ot2
¼ 0 ð17bÞ
GJ
o2uðz; tÞ
oz2
þ myc
o2uðz; tÞ
ot2
 mxc o
2vðz; tÞ
ot2
 mr2m
o2uðz; tÞ
oz2
¼ 0 ð17cÞwhere rm is the polar mass radius of gyration of the structure about shear centre S.
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Eqs. (17) are now solved and posed in dynamic stiﬀness form. Although each equation was developed indi-
vidually from a consideration of the planar shear beam of Fig. 5, they now describe the motion of a three-
dimensional, shear–torsion coupled beam whose co-ordinate system and sign convention are shown in
Fig. 6. This beam (exact ﬁnite element) will replace a typical segment of the original, asymmetric, three-dimen-
sional frame structure. The whole of the original structure can then be reconstituted by assembling the exact
ﬁnite elements corresponding to each segment in the usual way.
Eq. (17) is solved on the assumption of harmonic motion, so that the instantaneous displacements can be
written asFig. 6.
beam.uðz; tÞ ¼ UðzÞ sinxt ð18aÞ
vðz; tÞ ¼ V ðzÞ sinxt ð18bÞ
uðz; tÞ ¼ UðzÞ sinxt ð18cÞwhere U(z), V(z) and U(z) are the amplitudes of the sinusoidally varying displacements and x is the circular
frequency.u
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Co-ordinate system and positive sign convention for forces and displacements of the three-dimensional shear–torsion coupled
(a) Member and element convention for the x–z plane. (b) Member and element convention for the y–z plane.
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V 00ðnÞ þ x2k2yV ðnÞ þ xcx2k2yUðnÞ ¼ 0 ð19bÞ
U00ðnÞ  ð1=r2mÞycx2k2uUðnÞ þ ð1=r2mÞxcx2k2uV ðnÞ þ x2k2uUðnÞ ¼ 0 ð19cÞwherek2x ¼ mL2=GAx ð20aÞ
k2y ¼ mL2=GAy ð20bÞ
k2u ¼ r2mðmL2=GJÞ ð20cÞandn ¼ z=L ð20dÞ
Eqs. (19a)–(19c) can be re-written in the following matrix formD2 þ x2k2x 0 ycx2k2x
0 D2 þ x2k2y xcx2k2y
ð1=r2mÞycx2k2u ð1=r2mÞxcx2k2u D2 þ x2k2u
2
664
3
775
UðnÞ
V ðnÞ
UðnÞ
2
64
3
75 ¼ 0 ð21Þin which D = d/dn.
Eq. (21) can be combined into one equation by eliminating either U, V or U to give the sixth-order diﬀer-
ential equationD2 þ x2k2x 0 ycx2k2x
0 D2 þ x2k2y xcx2k2y
ð1=r2mÞycx2k2u ð1=r2mÞxcx2k2u D2 þ x2k2u

W ðnÞ ¼ 0 ð22Þwhere W = U, V or U.
The solution of Eq. (22) is found by substituting the trial solution W(n) = esn to yield the characteristic
equationb2 þ k2x 0 yck2x
0 b2 þ k2y xck2y
yck2u xck2u r2mðb2 þ k2uÞ

 ¼ 0 ð23Þwhere b2 = (s/x)2.
Eq. (23) is a cubic equation in the frequency parameter b2 and it can be proven that it always has three
negative real roots. Let these three roots be b21, b22 and b23, where b2j (j = 1,2,3) are all real and positive.
Therefores
x
 2
¼ b2j giving s ¼ ixbj ðj ¼ 1; 2; 3Þ where i ¼
ﬃﬃﬃﬃﬃﬃ
1
p
ð24ÞIt follows that the solution of Eq. (22) can be written in the formW ðnÞ ¼ C1 cos b1xnþ C2 sin b1xnþ C3 cos b2xnþ C4 sin b2xnþ C5 cos b3xnþ C6 sin b3xn ð25Þ
Eq. (25) represents the solution for U(n), V(n) and U(n), since they are all related via Eq. (21). They can be
written individually as
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þ tu3ðC5 cos b3xnþ C6 sin b3xnÞ ð26aÞ
V ðnÞ ¼ tv1ðC1 cos b1xnþ C2 sin b1xnÞ þ tv2ðC3 cos b2xnþ C4 sin b2xnÞ
þ tv3ðC5 cos b3xnþ C6 sin b3xnÞ ð26bÞ
UðnÞ ¼ C1 cos b1xnþ C2 sin b1xnþ C3 cos b2xnþ C4 sin b2xn
þ C5 cos b3xnþ C6 sin b3xn ð26cÞin which the constants tuj and t
v
j (j = 1,2,3) are given bytuj ¼
yck
2
x
k2x  b2j
; tvj ¼
xck2y
k2y  b2j
ðj ¼ 1; 2; 3Þ ð27a; bÞSubstituting Eqs. (18a)–(18c) and (26) into Eq. (2) yields the equations for the lateral shear forces and tor-
sional moment of the substitute shear–torsion beam asQxðzÞ ¼ GAx
dUðzÞ
dz
¼ 1
L
GAx
dUðnÞ
dn
ð28aÞ
QyðzÞ ¼ GAy
dV ðzÞ
dz
¼ 1
L
GAy
dV ðnÞ
dn
ð28bÞ
T ðzÞ ¼ GJ dUðzÞ
dz
¼ 1
L
GJ
dUðnÞ
dn
ð28cÞThe nodal forces and displacements can now be deﬁned in the member co-ordinate system of the substitute
shear–torsion beam shown in Figs. 6(a) and (b), as followsAt n ¼ 0 : U ¼ U 1; V ¼ V 1; U ¼ U1; Qx ¼ Q1x; Qy ¼ Q1y ; T ¼ T 1 ð29aÞ
At n ¼ 1 : U ¼ U 2; V ¼ V 2; U ¼ U2; Qx ¼ Q2x; Qy ¼ Q2y ; T ¼ T 2 ð29bÞThe nodal displacements can then be determined from Eqs. (26) asd1
d2
 
¼ E 0
0 E
 
I 0
C S
 
Co
Ce
 
ð30Þwhered1 ¼
U 1
V 1
U1
2
64
3
75; d2 ¼
U 2
V 2
U2
2
64
3
75; Co ¼
C1
C3
C5
2
64
3
75; Ce ¼
C2
C4
C6
2
64
3
75; E ¼
tu1 t
u
2 t
u
3
tv1 t
v
2 t
v
3
1 1 1
2
64
3
75;
C ¼
Cb1x 0 0
0 Cb2x 0
0 0 Cb3x
2
64
3
75; S ¼
Sb1x 0 0
0 Sb2x 0
0 0 Sb3x
2
64
3
75;I is the unit matrix,Sbjx ¼ sin bjx and Cbjx ¼ cos bjx ðj ¼ 1; 2; 3Þ ð31Þ
Hence the vector of constants [CoCe]
T can be determined from Eq. (30) asCo
Ce
 
¼ I 0
C S
 1
E 0
0 E
 1
d1
d2
 
ð32ÞIn similar fashion the vector of nodal forces can be determined from Eqs. (28a)–(28c) asp1
p2
 
¼ DEb 0
0 DEb
 
0 I
S C
 
Co
Ce
 
ð33Þ
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Q1x
Q1y
T 1
2
64
3
75; p2 ¼
Q2x
Q2y
T 2
2
64
3
75; D ¼ x
L
GAx 0 0
0 GAy 0
0 0 GJ
2
64
3
75 and b ¼
b1 0 0
0 b2 0
0 0 b3
2
64
3
75 ð34ÞThus the required stiﬀness matrix can be developed by substituting Eq. (32) into Eq. (33) to givep1
p2
 
¼ DEb 0
0 DEb
 
0 I
S C
 
I 0
C S
 1
E 0
0 E
 1
d1
d2
 
ð35Þorp ¼ kd ð36Þ5. Wittrick–Williams algorithm
The Wittrick–Williams algorithm (Williams and Wittrick, 1970; Wittrick and Williams, 1971) has been
available for over thirty years and has received considerable attention. The algorithm states thatJ ¼ J 0 þ sfKg ð37Þ
where J is the number of natural frequencies of the structure exceeded by some trial frequency, x*, J0 is the
number of natural frequencies that would still be exceeded if all members were clamped at their ends so as to
make the nodal displacement vector D = 0 and s{K} is the sign count of the structure stiﬀness matrix K. s{K}
is deﬁned in reference (Wittrick and Williams, 1971) and is equal to the number of negative elements on the
leading diagonal of the upper triangular matrix obtained from K, when x = x*, by the standard form of Gauss
elimination without row interchanges.
From the deﬁnition of J0, it can be seen thatJ 0 ¼
X
Jm ð38Þ
where Jm is the number of natural frequencies of a member, with its end clamped, which have been exceeded
by x*, and the summation extends over all members of the structure. In the present case it is possible to deter-
mine the value of Jm symbolically, using a direct approach, as follows.
The end conditions for a clamped–clamped member ared1 ¼ d2 ¼ 0 ð39Þ
If Eq. (39) is substituted into Eq. (30) it is clear that the condition for non-trivial solutions isE 0
0 E

 I 0C S

 ¼ 0 ð40Þ
However, it is easy to show that the left-hand determinant can never be zero. Thus, noting that the right-hand
determinant is that of a lower triangular matrix, Eq. (40) is only satisﬁed when the product of its signiﬁcant
leading diagonal terms is zero, i.e.Y3
j¼1
Sbjx ¼ 0 ð41Þwhich is satisﬁed whenxðkÞj ¼
kp
bj
j ¼ 1; 2; 3
 	
k ¼ 1; 2; 3; . . . ð42Þso Jm for any trial frequency x* can be found from
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
ðp=b1Þ
 
þ int x

ðp=b2Þ
 
þ int x

ðp=b3Þ
 
ð43Þin which int represents the image integer function i.e. the greatest integer <x*/(p/bj), j = 1,2,3.
6. Special case: uniform structures
When all storeys of a frame can be considered to be identical, the whole frame may be modelled as a single,
substitute shear–torsion beam, which is clamped at one end and free at the other. The end conditions for such
a beam ared1 ¼ 0 ð44aÞ
p2 ¼ 0 ð44bÞEq. (44b) can be written in the following form using Eqs. (28)U 0ðn ¼ 1Þ
V 0ðn ¼ 1Þ
U0ðn ¼ 1Þ
2
64
3
75 ¼ 0 or d02 ¼ 0 ð45Þwhere d02 is the derivative of the vector of displacement functions when n = 1.
If Eqs. (44a) and (45) are substituted into Eq. (30), suitably diﬀerentiated, it is clear that the condition for
non-trivial solutions isb1b2b3x3
E 0
0 E

 I 0S C

 ¼ 0 ð46Þ
However, it is easy to show that only the right-hand determinant can pass through zero for non-trivial solu-
tions. Thus, noting that it has the form of a lower triangular matrix, Eq. (46) is only satisﬁed when the product
of its signiﬁcant leading diagonal terms is zero, i.e.Y3
j¼1
Cbjx ¼ 0 ð47Þwhich is satisﬁed whenxðkÞj ¼ k 
1
2
 	
p
bj
j ¼ 1; 2; 3
 	
k ¼ 1; 2; 3; . . . ð48ÞHence the required natural frequencies can be determined easily using Eq. (48).
7. Examples
The work of this section consolidates the foregoing theory by performing a parametric study on four frames
of varying slenderness (height devided by least plan dimension) and comparing the lower natural frequencies
with those obtained from a full ﬁnite element analysis. The frames, which have 5, 20, 40 and 60 storeys, respec-
tively, all have the same doubly asymmetric ﬂoor plan and equal storey height of 3 m. Each structure consists
of ﬁve plane frames in the y direction (F1–F5) and four plane frames in the x direction (F6–F9) which are
connected to each other by typical rigid diaphragms at each ﬂoor level with the arrangement shown in
Fig. 7. In the 5 and 20 storey buildings, the properties of the structural elements do not change along the
height of the structure, so each structure can be modelled using a single substitute beam element and the nat-
ural frequencies can be determined from the theory of Section 6. In the 40 and 60 storey buildings, the prop-
erties of the structural elements change in a step-wise fashion every 20 storeys. Tables 1a and 1b show the
cross-sectional area of all columns and the second moment of area of the beams and columns of all the build-
ings. The member properties have been carefully selected to ensure that the original structures are fully rep-
resentative of practical buildings.
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Fig. 7. Floor plan of all structures considered in Sections 7 and 8.
Table 1a
Member properties groups
Property group no. Properties Columns (numbers are deﬁned in Fig. 7) Second moment of area of all beams
1, 5, 10, 14, 15, 16 2, 3, 4, 13 6, 11 7, 8, 9, 12
1 A (m2) 0.25 0.30 0.30 0.35 0.005 m4
Iy (m
4) 0.005 0.01 0.005 0.01
Ix (m
4) 0.005 0.005 0.01 0.01
2 A (m2) 0.50 0.60 0.60 0.70 0.005 m4
Iy (m
4) 0.02 0.04 0.02 0.04
Ix (m
4) 0.02 0.02 0.04 0.04
3 A (m2) 0.80 0.95 0.95 1.10 0.0125 m4
Iy (m
4) 0.05 0.1 0.05 0.1
Ix (m
4) 0.05 0.05 0.1 0.1
4 A (m2) 1.2 1.45 1.45 1.70 0.03 m4
Iy (m
4) 0.12 0.24 0.12 0.24
Ix (m
4) 0.12 0.12 0.24 0.24
A is the cross-section area and Ix and Iy are the second moment of area of columns about the x and y axes, respectively.
Table 1b
Member properties and slenderness ratio (height divided by least plan dimension) for each building
Building height (storeys) Slenderness ratio Floors Property group
5 0.42 1–5th 1
20 1.67 1–20th 2
40 3.33 1–20th 3
21–40th 2
60 5.00 1–20th 4
21–40th 3
41–60th 2
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from a ﬂoor diaphragm, together with the mass of the diaphragm and any associated beams, is stated as
an equivalent uniformly distributed ﬂoor mass at that storey level. Thus the centre of mass is at the geometric
centre of the ﬂoor plan. This corresponds precisely to the automatic idealisation process in ETABS (Wilson
B. Rafezy et al. / International Journal of Solids and Structures 44 (2007) 128–144 141et al., 1995) and additionally only requires the total mass of the ﬂoor to be converted into the equivalent uni-
formly distributed mass of the member in the substitute beam approach. Arbitrarily the mass is assumed to
have a constant value of 360 kg/m2 at each ﬂoor level, even where the stiﬀness properties of the member
change. Young’s modulus for all members is taken to be E = 2 · 1010 N/m2.
All the plane frames in this example are proprtional, so that the shear centre at each ﬂoor level lies in a
vertical line through the building. The eccentricities in the x and y directions can then be calculated as follows
(Cheung and Tso, 1986)Table
Couple
Freque
1
2
3
Averag
Table
Couple
Freque
1
2
3
Averag
Table
Couple
Freque
1
2
3
Averagxc ¼ 5:454 m; yc ¼ 5:00 m
The distributed mass of the shear–torsion beam (smeared from the diaphragm) and the polar mass radius of
gyration of the diaphragms about the shear centre can be calculated as followsm ¼ 36 48 360=3 ¼ 207360 kg=m
r2m ¼
362 þ 482
12
þ 5:4542 þ 5:002 ¼ 354:746 m22
d natural frequencies (Hz) of the 5-storey frame with slenderness 0.42 obtained from the continuum and FEM models
ncy no. 3D shear–torsion beam Eq. (48) ETABS (FEM) Diﬀerence %
A from Table 1 A =1
(1) (2) (3)
ð1Þ  ð2Þ
ð2Þ
ð1Þ  ð3Þ
ð3Þ
ð3Þ  ð2Þ
ð2Þ
0.5772 0.6299 0.6306 8.37 8.47 0.11
0.6771 0.7389 0.7398 8.36 8.48 0.12
0.8770 0.9578 0.9582 8.44 8.47 0.04
e 8.39 8.47 0.09
3
d natural frequencies (Hz) of the 20-storey frame with slenderness 1.67 obtained from the continuum and FEM models
ncy no. 3D shear–torsion beam Eq. (48) ETABS (FEM) Diﬀerence %
A from Table 1 A =1
(1) (2) (3)
ð1Þ  ð2Þ
ð2Þ
ð1Þ  ð3Þ
ð3Þ
ð3Þ  ð2Þ
ð2Þ
0.1507 0.1598 0.1610 5.69 6.40 0.75
0.1768 0.1874 0.1889 5.66 6.41 0.80
0.2290 0.2439 0.2447 6.11 6.42 0.33
e 5.82 6.41 0.63
4
d natural frequencies (Hz) of the 40-storey frame with slenderness 3.33 obtained from the continuum and FEM models
ncy No. 3D shear–torsion beam Eq. (48) ETABS (FEM) Diﬀerence %
A from Table 1 A =1
(1) (2) (3)
ð1Þ  ð2Þ
ð2Þ
ð1Þ  ð3Þ
ð3Þ
ð3Þ  ð2Þ
ð2Þ
0.1046 0.1045 0.1078 0.10 2.97 3.16
0.1227 0.1221 0.1265 0.49 3.00 3.60
0.1589 0.1615 0.1639 1.61 3.05 1.49
e 0.34 3.01 2.75
Table 5
Coupled natural frequencies (Hz) of the 60-storey frame with slenderness 5 obtained from the continuum and FEM models
Frequency No. 3D shear–torsion beam Eq. (48) ETABS (FEM) Diﬀerence %
A from Table 1 A =1
(1) (2) (3)
ð1Þ  ð2Þ
ð2Þ
ð1Þ  ð3Þ
ð3Þ
ð3Þ  ð2Þ
ð2Þ
1 0.0906 0.0859 0.0924 5.47 1.95 7.57
2 0.1062 0.0996 0.1083 6.63 1.94 8.73
3 0.1376 0.1357 0.1404 1.40 1.99 3.46
Average 4.50 1.96 6.59
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Column 2 of Tables 2–5 show the coupled natural frequencies (Hz) of the 5, 20, 40 and 60 storey frames
obtained from the proposed three-dimensional shear–torsion beam theory, respectively. The third and fourth
columns in each table show the results of a full ﬁnite element analysis of the original frames for the two cases
of extensible columns, where A took the values given in Tables 1a and 1b and inextensible columns, where
A =1. These results were obtained using the vibration programme ETABS in which the automatic idealisa-
tion process was utilised that assumes uniformly distributed mass on rigid ﬂoor diaphragms. Relevant com-
parisons are made in columns ﬁve to seven.
9. Discussion
It was mentioned in Section 2 that the vibration of three-dimensional frame structures is characterised by
three types of structural action; local bending, global bending and inter-storey shear. The proposed shear–tor-
sion model deals accurately with inter-storey shear, but lacks any stiﬀness contribution stemming from local
bending. The proposed model is therefore more ﬂexible than the original structure in those areas where local
bending is important and hence the natural frequencies will be underestimated. On the other hand, the col-
umns are assumed to be inextensible and the model will therefore overestimate those frequencies that are sig-
niﬁcantly inﬂuenced by global bending. Since local bending is most prominent in buildings with low
slenderness and global bending is most prominent in buildings with relatively high slenderness, there will
be a useful range of buildings for which the model yields perfectly acceptable results.
These arguments are borne out by the results of Tables 2–5. In Table 2 the results for the ﬁve storey frame
are least accurate due to signiﬁcant local bending of the individual columns. However, the diﬀerence between
the model results and those of the ﬁnite element analysis still lie below 9%. As the slenderness increases and the0
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5
6
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D
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Fig. 8. Graphs of the diﬀerence between the averaged results from the proposed model and those from the full ﬁnite element analysis of
the original structures for the two cases of inextensible and extensible columns.
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until the eﬀects of global bending deformation, due to the extensibility of the columns, start to become appar-
ent in Table 5. Since this latter eﬀect becomes more pronounced with increasing slenderness, there will inev-
itably be a limit to the validity of the model. However, the accuracy of the results for the 60 storey frame with
a slenderness of 5 would appear to be perfectly satisfactory. Furthermore, the slenderness in this case is larger
than the recommended maximum value of 3–4 that is normally imposed on structures that may be subjected to
large overturning moments due to ground motion in earthquake zones (Dowrick, 1977). This means that the
chosen 60 storey building constitutes an extreme case for this limitation and hence in most practical cases we
may expect better accuracy. Finally, Fig. 8 shows the diﬀerence between the averaged results from the
proposed model and those from the full ﬁnite element analysis of the original structures for the two cases
of inextensible and extensible columns. This suggests that the proposed model is likely to be satisfactory
for buildings up to about 60 storeys, depending on the accuracy required, although more investigation is
required for taller structures.10. Conclusions
A simple and accurate model has been developed for calculating the lower natural frequencies correspond-
ing to overall modes of vibration of medium and tall building structures. Within this scope it can encompass
many geometric conﬁgurations ranging from uniform structures with doubly symmetric ﬂoor plans to doubly
asymmetric ones with step changes of member properties at any number of storey levels. The model has been
developed on the assumption of uniform distributed mass and stiﬀness and thus necessitates the solution of a
transcendental eigenvalue problem. This can be solved to any desired accuracy by use of the Wittrick–Wil-
liams algorithm, which also guaranties that no natural frequencies can be missed. When all storeys of a frame
can be considered to be identical, the required solutions can be found easily by hand. Results of a parametric
study show that the model is likely to yield results of suﬃcient accuracy for engineering calculations when the
number of storeys is greater than about ﬁve and less than about 60. As is inevitably the case when using sim-
pliﬁed models, their accuracy should be thoroughly checked prior to use against datum results for the class of
structure being considered.References
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